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1. Introduction

Directional statistics is a branch of Statistics that deals with observations that are direc-
tions or more generally observations lying on non-linear manifolds. In several applications
these observations lie on the surface of the unit circle S' := {u € R?,u’u = 1} or the
unit sphere S? := {u € R3,u'u = 1}; throughout v’ denotes the transpose of a vector
v € RP (similarly V' denotes the transpose of a matrix V). Many applications of circular
or spherical statistics can be found in various scientific domains such as Astronomy (see,
e.g. Cuesta-Albertos et al., 2009; Fay et al., 2013), Biology (see, e.g. Batschelet, 1981;
Couzin et al., 2005; Giunchi and Baldaccini, 2004; Golden et al., 2017; Morellato et al.,
2010; Putman et al., 2014; Thomas et al., 2017) but also Geology, Medicine, Ecology.
To quote Landler et al. (2018), “Circular data are common in biological studies. The
most fundamental question that can be asked of a sample of circular data is whether
it suggests that the underlying population is uniformly distributed around the circle, or
whether it is concentrated around at least one preferred direction (e.g. a migratory goal
or activity phase)”.

When dealing with circular data, testing for uniformity or isotropy is therefore an
essential first step before doing any further inference. If isotropy is indicated for a given
sample, no modeling or estimation is needed, and the resulting sequence of observations
can be seen as having no preferred direction or as noise on S*. Thus the uniform dis-
tribution occupies a central role amongst all circular distributions and as a result there
is considerable literature on testing uniformity on the circle. Observations on the one
dimensional manifold S! can obviously be seen as realizations of a random variable tak-
ing values on [0, 27) that will be referred to as a circular random variable in the sequel.
Letting O, ..., 0,, be a sequence of independently and identically distributed (i.i.d.) cir-
cular random variables, the most classical test of uniformity on the circle is the Rayleigh
(1919) test that rejects the null hypothesis at the nominal level o when

n

2n’1(Zsin(@i))2 + 2n*1(Zcos(@i))2 > Ca, (1)

i=1

where, for large samples, ¢o ~ x3.;_, with x7,,, standing for the v quantile of the chi-
square distribution with p degrees of freedom. The Rayleigh test is a very simple test
which is powerful to detect unimodal alternatives. However it is not uniformly consistent
in the sense that it is blind against some alternatives to uniformity.

Since then a lot of work has been devoted to the problem in particular to obtain
uniformly consistent tests. The Kuiper (1960) and Watson (1961) tests are the circular
versions of the classical Kolmogorov—Smirnov and Cramér—von Mises tests respectively.
Tests based on arc-lengths or spacings have been studied in Rao (1976). Beran (1969)
and Giné (1975) studied the very broad class of Sobolev tests; see Section 2 for details
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on Sobolev tests. For more information on these and other classical tests for uniformity
as well as for circular statistical analyses in general, the reader is referred to Mardia and
Jupp (2000), Jammalamadaka and SenGupta (2001) or Ley and Verdebout (2017). See
also a recent review paper on this topic by Garcia-Portugués and Verdebout (2019).

Testing uniformity on the circle or on the sphere is still a very much studied prob-
lem: we mention Jupp (2001) who provided modifications of the classical Rayleigh test,
Feltz and Goldin (2001) who proposed partition-based tests on the circle, Figueiredo
(2007) who provided a comparison of various tests, while data-driven Sobolev tests for
uniformity are obtained in Bogdan et al. (2002) and Jupp (2008). Cuesta-Albertos et al.
(2009) proposed projection-based tests, Pycke (2010) obtained new Sobolev tests on the
circle, and Lacour and Pham Ngoc (2014) considered uniformity tests on the sphere for
data perturbed by random rotations. Jammalamadaka and Terdik (2019) used spherical
harmonics for various tests of symmetry including uniformity on S?, while Cutting et al.
(2017) studied tests of uniformity on high-dimensional spheres.

In general Sobolev test statistics of uniformity on the circle are based on weighted
or unweighted sums of a fixed number M of terms involving empirical trigonometric
moments. Here we show that the tests based on such unweighted sums of M terms are
locally and asymptotically optimal within a parametric model; see Section 3 for details.
However in order to obtain Sobolev tests that are uniformly consistent, it is well know that
M has to be arbitrarily large. Many papers including the recent paper by Pycke (2010)
considered weighted infinite sums of squared empirical trigonometric moments letting
M diverge to infinity; see Section 2 for details . Although Pycke (2010) used weights to
obtain converging series, the chosen sequences of weights converge slowly to zero in order
to provide uniformly consistent tests that detect multimodal alternatives well. Bogdan
et al. (2002) and Jupp (2008) used a different approach to reach uniform consistency.
Rather than letting M diverge to infinity they considered a data-driven selection of
M. While for large-M tests it seems to be a common belief that it is necessary to use
weighted sums in order to get asymptotically valid and uniformly consistent tests, we
show the contrary in the present work. We assume here that M := M, is a sequence
of positive integers that diverges to infinity together with the sample size n. Inspired
by high-dimensional techniques we obtain an original asymptotic result for unweighted
sums of squared empirical trigonometric moments in this double asymptotic framework.
We also show that the resulting tests are uniformly consistent; see Section 4 for details.
Moreover a simulation study (see Section 5) indicates that our tests dominate all the
competitors under various important multimodal alternatives. In Section 6, a test that
combines the data-driven test of Bogdan et al. (2002) with the new test is proposed for
practical purposes while in Section 7 an extension of the main result to the sphere S? is
obtained. A real-data example follows in Section 8. The proofs of the various results are
collected in the Appendix and in a supplementary material. The latter supplementary



4 S.R. Jammalamadaka, S. Meintanis and Th. Verdebout

material also includes simulation results related to the proposed test on S2.

2. Characteristic function and Sobolev tests

Let © denote an arbitrary circular random variable with an absolutely continuous circular
distribution function Fg () := P(© < ¥), © € [0, 27) with respect to an arbitrary origin.
We wish to test the null hypothesis of uniformity Hg : Fo () = %, for all ¥ € [0, 2m).
As already mentioned in the Introduction, the present problem plays a central role in
directional statistics. In our approach for testing uniformity we will make use of the

characteristic function of © which is defined for any integer m > 1 by
vo(m) := E[cos(m®)] + iE [sin(m®O)] =: ap(m) + iBr(m); (2)

po(m) is also often called the mth trigonometric moment of Fg in the circular setup;
in the sequel we also refer to (ar(m), Sr(m)) as the mth trigonometric moments of Fg.
It is well known that for circular distributions the characteristic function needs to be
defined only for integer values of the argument (see e.g. p.26 of Jammalamadaka and
SenGupta (2001) or Meintanis and Verdebout (2018)). Thus writing (ag(m), Bo(m)) for
the mth trigonometric moments under the null hypothesis Hy of uniformity, we have that
ao(m) = Bo(m) = 0 and consequently that a2(m) + B3(m) = 0 for any integer m > 1.
Letting

1 n
- - j;cos(me)j) and B,(m Zsm (m®;) (3)

stand for the natural estimators of the trigonometric moments, the tests we study
throughout the paper reject the null hypothesis Hy for large values of test statistics
of the form

Snw =

s
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3 coslm(©; ~ Ou))u(m) (4)
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where w(m) is a sequence of non-negative weights. The test statistics in (4) are weighted
combinations of V—statistics that provide an important class of tests called the Sobolev
tests (see e.g. Garcia-Portugués and Verdebout, 2019). In this particular context of testing
isotropy, Sobolev tests can be traced back to Beran (1969) and Rao (1972). Within this
class one finds the Watson test that is obtained by taking w(m) = m~2, m > 1, which
shows power against any non-uniform alternative. Other tests belonging to the Sobolev
class include the tests due to Rothman (1972), Bingham (1974), Giné (1975) and Hermans
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and Rasson (1985) to cite only a few. Provided that Y °_, w(m) < oo, classical results
on V-statistics imply that S, ,, is asymptotically distributed as Y °_, w(m)Y,,, where

Y1,Y5, ..., is a sequence of independent chi-square random variables with two degrees of
freedom.
Now the weights w(1),w(2),... in (4) can be given an intuitive interpretation. For

instance if one chooses w(1) = 1 and w(m) = 0 for all m > 1, the resulting test is
the classical Rayleigh test in (1) which is powerful against unimodal alternatives; it is
indeed the uniformly most powerful invariant test against von Mises alternatives and
the locally most powerful invariant test against symmetric wrapped stable families (see
Jammalamadaka and SenGupta, 2001, Section 2.2.8), as well as the locally and asymp-
totically maximin test within a class of rotationally symmetric deviations (see Cutting et
al., 2017). For the definition of a maximin test, see the comment just above Proposition
3.1. However these alternative distributions are all unimodal. In general the coefficient
w(m) can be interpreted as the weight associated with the eigenfunctions cos(md) and
sin(md). Clearly the bigger the weight w(m), the better the resulting Sobolev test in de-
tecting differences involving the mth trigonometric moment. In particular the slower the
sequence w(m) converges to zero the better the resulting test will detect multimodal al-
ternatives. This is the motivation underpinning the two Sobolev tests obtained by putting
w(m) =m~! and w(m) = a™ ! (a < 1), respectively that have been suggested by Pycke
(2010). The tests in Pycke (2010) are shown to perform well against multimodal alter-
natives. As suggested there, natural choices for the weights w(1),w(2),... are weights
related to probability distributions on the set of positive natural numbers Ny := {1,2,...}.
In these cases the series Cy,(9) = > -_, cos(md)w(m), yields the value of the real part
of the characteristic function corresponding to w(-) computed at the argument 9: for
example the geometric distribution/weight w,(m) = (1 — a)a™, m > 1, leads to

()

Ca(ﬂ)(la)< 1 —acos? >7

1 —2acos? + a?

the positive Poisson distribution, the weight wy(m) = (1 —e~%)"te=%(a™/m!), m > 1,
leads to C,(9) = (e® — 1)71e2? cos(asind) — 1, or the logarithmic distribution while
wa(m) = c(a™/m), m > 1, with ¢ = —(log(1—a))~?, leads to C, (¢9) = clog(1—2a cos 9+
a?)~1/2,

3. Exponential model and optimal tests

In the present section we consider an absolutely continuous exponential family with
densities of the form

0 = ey, exp(riyB(0)), (6)
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where B(9) = (cos(d),sin(¥)...,cos(MV),sin(MV)), kar := (k1,...,kon) € RZM s
a vector of real parameters and ¢! = fOZTr exp(k);B(¥))dd is a normalizing constant.
This exponential model that can be traced back to Maksimov (1967) has been studied in
Beran (1979) and Gatto and Jammalamadaka (2007). In the sequel this model is referred
to as the generalized von Mises model; k1 > 0 and kg = ... = Kopr = 0 yields the very
classical von Mises distribution. In the rest of the section we denote by P,(:]L;; s the joint
distribution of ©1, ..., 0, under density (6). In the exponential model (6) the score test
of uniformity on S! is the score test for Hg : k3 = 0 against H; : ks # 0 that is obviously
based on the first M empirical trigonometric moments (a, (1), B, (1), ..., an(M), Bn(M)).

(n)
M

More precisely the score test ¢, rejects the null hypothesis at the asymptotic nominal

level o when

M
Siar =203 (a2(m) + B2(m)) > Gar - (7)
m=1

Note that S is an unweighted and truncated (at M) version of S, ., in (4). The
asymptotic distribution of Sy s under the null hypothesis can easily be obtained since
a simple application of the Central Limit Theorem allows us to show that under the
null hypothesis each term 2n (a2 (m) + 82(m)) is in the limit distributed as a chi-square
random variable with two degrees of freedom and that any pair 2n (a2 (m;) + 52 (m;))
and 2n (ai(mj) + Bz(m]‘)), i # j, is asymptotically independently distributed. In the
next result, we complement the existing results by showing that the test ¢S\Z) is also
locally and asymptotically maximin for testing Hg : k) = 0 against Hq : Ky # 0 and by
computing the limiting distribution of S; s under local alternatives. In this connection
recall that a given test ¢* is called maximin in the class C, of level-« tests for Hy against
H; if (i) ¢* has level a and (ii) the power of ¢* is such that

inf Ep[¢*] > s inf Ep[¢).
Jnf Ep[o"] = sup nf p[¢]
In the following result we show that the test cbg\%) is locally and asymptotically maximin
(n) )
n*1/2k5&1);M
precise definition of locally and asymptotically maximin tests, see, e.g. Chapter 5 of Ley
and Verdebout (2017).

against local alternatives P , where k]\Z is a bounded sequence of R2M ; for a

Proposition 3.1. Fix M € Ny. For testing Ho : kpr = 0 against Hy : kpr # 0,
(i) the test ¢S\Z) 1s locally and asymptotically mazimin and

(i) under local alternatives P(”)1/2k<,L) v where kg\z) is a bounded sequence of R*M such
n- M}

that kps := lim,, oo kx;), S1,m converges weakly to a chi-square random variable
with 2M degrees of freedom and non-centrality parameter ||kys||?/2.



On Sobolev tests of uniformity on the circle with an extension to the sphere 7

In Proposition 3.1, we show that ¢5\2) is the locally and asymptotically maximin test
for Ho : kpr = 0 against Hy : Ky # 0. The following result enables the computation of
the local asymptotic power of the test QS(Mn) under various local alternatives within the
Beran (1979) family.

Proposition 3.2. Fiz (M,M') € N2. Then

(i) under p" )1/2k(”) e With M' > M and kg\r/p = (kg\z), ké?\/)[Jer . .,kéﬁ/)[,)' a bounded

sequence of RQM , S1,m 15 asymptotically chi-square with 2M degrees of freedom

and non-centrality parameter |[kas||?/2, where ks = lim, k(Mn).

(i) under P(”)l/Zk(”) A with M’ < M and kgﬁ = (k1,...,kap) a bounded sequence

of R2M' S1,m 1s asymptotically chi-square with 2M degrees of freedom and non-
centrality parameter ||kyy||?/2, where kpp = lim, o kg\r/p

Note in particular that point (i) of Proposition 3.2 entails that if
kyr = 0 and if limnﬂoo(kéﬁ/)lﬂ, .. kg}\/)l,) # 0, the limiting distribution of S; 5 un-
der the local alternatives in point (i) is a central chi-square with 2M degrees of freedom
so that the resulting test is blind to the corresponding alternatives while from Proposition
3.1 the optimal test Sq s has a limiting power in the interval (a, 1).

To obtain uniformly consistent tests, that is tests that are consistent against any fixed
alternative, two possibilities naturally arise: the first one consists in providing a suitable
data-driven selection of M . As explained in the Introduction this first solution has been
studied in Bogdan et al. (2002) who provided a smooth test in which w(m) =1, m < M
and w(m) =0, m > M, where the threshold M is data-driven; see also its multivariate
extension by Jupp (2008). The empirical selection procedure proposed by Bogdan et al.
(2002) is based on results in Ledwina (1994). In the next section we investigate a second
solution. More precisely we provide a new test based on the investigation under the null
hypothesis of the asymptotic behavior of a standardized version of the unweighted sum

S1,m, = 2n Z ) + B (m)) , (8)

when M, — oo, as n — oo.

4. A new Sobolev test

In the present section, we provide a new test ¢§\?)v of uniformity on the circle. As

explained at the end of the previous section the test ¢1\:1L%w will be based on a standardized
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version of the quantity Sz, in (8). More precisely we consider as test statistic the
standardized version

S, — 2M,
Sstand — #7 9
i 9)
of S1,u,, for which the following result provides the asymptotic null distribution as M,, —
oo with M,, = o(n?), as n — oc.

Proposition 4.1. Let M,, be a sequence of integers such that M, — oo with M, =
o(n?) as n — co. Then, under H,, SStand converges weakly to standard normal random
variable as n — oo.

Proposition 4.1 shows that once S s in (8) is properly rescaled, it is possible to obtain
its asymptotic behavior with a large number M,, of weights w(m) that are equal to one
provided that M, is not too large with respect to n. The resulting test ngRV rejects the
null hypothesis at the asymptotic level o when Sitj}}f > z1_o where z, stand for the
v-quantile of the standard Gaussian distribution.

In order to illustrate numerically Proposition 4.1, we generated 5000 samples of
uniform random vectors on S' with various sample sizes n = 30,100,500, 1000. For

Ssmnd with various values of M =

each replication, we computed the test statistic
30,100, 500, 1000. In Figure 1 we provide standard Gaussian qg-plots of the resulting
5000 values of Sffﬂffd for any pair (n, M). In Figure 2 we provide the empirical type-I
risks (i.e., rejection rates under the null hypothesis) of the tests ¢1(\;[L1)w performed at the
nominal level .05 for any pair (n, M); more precisely letting (S bta“d)  stand for the value

of Sf‘f?v‘;d obtained from the kth replication, k = 1,..., K = 5000, we computed

K

( 05) . stand
oM = Z )k > Z.95),
k:

where I[.] denotes the classical indicator function. Obviously, a value close to .05 for 7“7(1‘2\54)

indicates a correct type-I risk (the expectation of the test under the null hypothesis) for
ngRV performed at the nominal level .05. While inspection of Figure 1 clearly reveals that
the Gaussian approximation is better when the sample size is greater than M, Figure 2
shows that in practice, the type-I risk of ¢MRV is not drastically influenced by the choice
of M. Indeed when M = 1000 and n = 30, the resulting empirical type-I risk of ngRv
is .068. Hence choosing M not too large with respect to n seems to be a good rule of
thumb in order to get an asymptotically valid test.

In the next result we show the uniform consistency of the test within a very natural
class of alternatives, also considered in Pycke (2010).
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Figure 1. Standard Gaussian qq—plots of Sifg}‘d for various values of n and M based on 5000 replications.
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Figure 2. Estimated type-I risks (null rejection frequencies) of the ¢§\ZI)W test performed at the nominal

level o« = .05 for various values of n and M based on 5000 replications.
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Proposition 4.2. Let F denote a class of distributions with trigonometric moments
vo(m) = ap(m)+iBp(m), such that 0 < >0~ (a%.(m) + fE(m)) < +oo for all F € F.
Then the test (151(\21){\/ is uniformly consistent within the class F.

In the next section we compare the empirical power of the test ¢§Z§W with that of
several competitors.

5. Power comparisons

The objective of the present section is to compare the empirical power of the proposed test
with several competitors. Before starting the description of the simulation schemes we
recall that a von Mises distribution with a density of the form ¢ — ¢, exp(x cos(¥ — 1)),
where p € [0, 27) is a location parameter, £ > 0 is a concentration parameter and ¢, is a
normalizing constant (as mentioned already note that the latter density with g = 0 can
be obtained by setting B(¢J) = cos(d) in (6)). To perform our empirical comparison, we
generated N = 1,500 samples of i.i.d. circular random variables

@(P)

450

p=1,...,8,£=0,...,3, j=1,....,n =100,

where the @&) ’s have a von Mises distribution with location 0 and concentration param-
eter £/6, the G)gfj)’s for p = 2,...,4, are distributed as mixtures of the form Z;n:l €;0;
where €; := I(;_1)/m<v<j/m, with U ~ unif[0, 1] and where ©; has a von Mises distribu-
tion with location 27 (j —1)/m. The G)fj)’s are obtained taking m = 4 and concentration
3¢, the @fj)’s are obtained taking m = 8 and concentration 15¢ while the GZ?’S are ob-
tained taking m = 16 and concentration 50¢. The @Z?’s for p =5,...,8 are distributed
as generalized von Mises random variables in (6); the @@5]) ’s are obtained taking M =4
and ks = (¢/91ans (1g := (1,...,1) € RF), the 92?’5 are obtained taking M = 8 and
kr = (£/10)12ps, the @E;?’s are obtained taking M = 12 and kp; = (¢/12)19), while
the G)f}’s are obtained taking M = 16 and kp; = (¢/16)12p7. The value ¢ = 0 always
yields a uniform distribution while the values ¢ = 1,2, 3, provide distributions that are
increasingly away from uniformity.

The resulting rejection frequencies of the following tests, all performed at nominal level

5%, are plotted in Figures 3 and 4: the well-known Rayleigh test ¢§,$)y, the Pycke (2010)

test q{)g;)c based on hy (see equation (10) in Pycke, 2010), the Bogdan et al. (2002) test

gbg;)g performed using the practical remarks of Section 5 of Bogdan et al. (2002), the Rao

spacings test (bg;)o (see Rao, 1976), the test based on S, ,, with Geometric distribution
weights in (5) with @ = 3/4 and the test ¢1(\;[L1)w based on Sftﬂ}[‘f performed with M,, = 30.
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The critical values used for the test based on S, ,, were computed numerically using 5000
replications.

Inspection of Figures 3 and 4 reveals first that all the tests respect the .05 nominal level
constraint and that they are therefore valid. As expected the Rayleigh test dominates all
the other tests in the von Mises case. The test based on S, ,, with geometric distribution
weights enjoys a nice global behavior while for mixtures of m > 8 von Mises distributions
and for generalized von Mises distributions with M > 8, the new test ¢§\z}1)1v dominates
the competitors.

6. A new test for practical use

As shown in the simulation results of the previous section, the test ¢§\;[%v based on Sftjzv?d

clearly behaves well when the alternative hypothesis is multimodal. On the other hand
it is not powerful against unimodal alternatives. Following the discussion at the end of
Section 2, this might have been expected. Another point that may be seen as an issue
in practice is the selection of M, since a priori the asymptotic normality of Sitﬁ/’[‘f is
guaranteed for any choice of M,, as long as M,, = o(n?). For instance M,, = [n”] with
~v € (0,2) are possible choices. Clearly, the larger one selects M, the more the test will
detect alternatives with a lot of modes. Unfortunately, taking M,, very large will decrease
the power of the test against unimodal alternatives. Therefore, in a sense, the selection of
the sequence M,, that diverges to oo should be driven by the alternative which is arguably
unrealistic in practice. It is nevertheless exactly the same nice idea underpinning the data-
driven selection M of M by Bogdan et al. (2002) and Jupp (2008). The fact that the
test qbgg)g is dominated by (i)&%\, under multimodal alternatives theoretically comes from
the fact that as shown in Bogdan et al. (2002) and Jupp (2008) lim,, o P[]/W\ <oo)=1
so that M will diverge to infinity with probability zero. Now in practice the algorithm
proposed to compute the data-driven M as explained in Bogdan et al. (2002) is as follows:

(i) Compute L(M) = S —2Mlogn for 1 < M < My, where (quoting Bogdan
et al. (2002)), “in theory My, is co but simulations suggest that in practice it is
sufficient to take M;y,, = 10 for n < 100”7

(ii) Compute M= argmax < ns< g, L(M)

In a sense, the question of the selection of the threshold My, can be compared to the
question of selecting M, in S’Tt%/rl‘f since in theory M;y, has to be taken as +o00. Note
that Jupp (2008) suggested to take My, = 5 in practice. Discussing the selection of the
sequence M,, that diverges to oo is therefore a delicate issue. Again, the larger M,,, the
more multimodal alternatives the test will be able to detect but at the cost of giving up
power against unimodal alternatives.
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Figure 3. Empirical rejection probabilities of various tests of uniformity under various alternatives:
(Top Left) von Mises, (Top Right) mixture of four von Mises distributions, (Bottom Left) mixture of
eight von Mises distributions, (Bottom Right) mixture of sixteen von Mises distributions.
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Figure 4. Empirical rejection probabilities of various tests of uniformity under various alternatives: (Top
Left) generalized von Mises distribution with M = 4, (Top Right) generalized von Mises distribution
with M = 8, (Bottom Left) generalized von Mises distribution with M = 12, (Bottom Right) generalized

von Mises distribution with M = 16.
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However, even with M, being relatively small, the power of ¢1(\Z%W against unimodal
alternatives remains an issue. We propose here a new test that uses together the data-
driven selection of M explained above as well as the test ¢1(\Z1)>\v~ The idea underpinning
the new test finds its roots in the power enhancement principle studied in Fan et al.
(2015) and Kock and Preinerstorfer (2019). The new test ¢(™ is based on a combination
of the two tests qﬁgf))g and ¢1(\:1L1)W given by

am) . (n) _ (n)

0" =Lz vy, P50 + L v PRV (10)
with the natural number M defined as M := maxi<;<n J\/Ij, where ]\//.7] € Ny is obtained
by performing the algorithm for the selection of M described above based on the sample
©1,...,0;_1,0,41,...,0,; that is leaving ©; out of the sample. The threshold Vy,, € Ny
in (10) can be chosen by the practitioner. Any choice of V4, yields a test with the correct
asymptotic size. Note that if Vi, is taken larger than My, in the algorithm above, ¢(™
is simply equivalent to~ ggg while if),/thr =1, then ¢("™) is equivalent to~¢§\:{%\,. The idea
underpinning the test ¢(™ is that if M is small (smaller than Vi), then ¢(™) is equivalent
to ¢](37f))g. On the other hand if M is larger than Vip,, ¢(™ is equivalent to &%\/- The

practical motivation of QZ(”) is therefore to improve the power of qﬁg\;ﬁ);{v under unimodal
alternatives (or alternatives with a small number of modes) or equivalently to improve
the power of ngf))g under multimodal alternatives, while keeping its nice properties under
unimodal alternatives.

In order to illustrate the finite—sample properties of the test we performed the following

(n)
Bog

.05 taking My, = 30 in the selection of M algorithm and the test ¢1(\ZI)W at level .05 taking
M,, = 30. Note that we took here My, as large as M,, to perform a fair comparison.
We then performed the test QZ(”) with Vin, = 5. We generated N = 1,500 mutually
independent samples of i.i.d. circular random variables

simulation exercise: based on samples of size n = 50, we performed the tests ¢ . at level

@(P)

© o p=1,...4,0=0,....3, j=1,..,n,

where the @2}’5 have a von Mises distribution with location 0 and concentration pa-
rameter ¢/4, while the @g;p;’s for p = 2,3,4, are distributed as a mixtures of the form
Z;n:l €;0; already defined in Section 5. Specifically the 622]) ’s are obtained taking m =4
and concentration 6/, the @1(,3} ’s are obtained taking m = 8 and concentration 25¢ and
the @X?’s are obtained taking m = 12 and concentration 200¢.

In Figure 5, we provide the empirical powers of the three tests: qﬁgf))g (orange curve),
‘é%\;}%{v (darkgreen curve) and $(”> (blue curve). Inspection of Figure 5 shows that when

the number of modes under the alternative is low, the tests d)gz))g and QZ(”) are equivalent;
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the blue curve and the orange curve cannot be distinguished in the top left and top right
plots. In such situations, qﬁgg)g and ¢ dominate (bl(\;I%V as expected. However, when

the number of modes is larger, qbi/?})w dominates both qbgf))g and 5(”). Nevertheless, we

can see that (E(”) performs better than (;Sg?g in both bottom left and right plots. On
the basis of this behavior of 5(") and in view of the fact that there is no omnibus test
that is uniformly most powerful against all possible alternatives (see Janssen (2000), and

Escanciano (2009)), the combined test may seem a good compromise.

7. Extension to S?

In view of (4), the test statistic S a7, in (8) may be interpreted geometrically in the
Hilbert space L?(S!, i) of square-integrable real functions on S* with respect to u, the
uniform probability measure on S' equipped with the inner product

()= || £60900 dut)

for f,g € L*(S*, ). To this end note that a well-known orthonormal basis of L(S', u1) is
{V2€,}mez, where, in spherical coordinates, e, () := e?™% or equivalently
em(0) = (cos(m@),sin(md)). With this in mind, let &, be the two dimensional sub-
space of L2(S', u) spanned by the orthonormal functions gy, :  — v/2cos(mf) and

Ga.m : 0 — v/2sin(mf) and consider a mapping ) [0,27] — &, that maps a random

angle ©; onto t%)(@i) = g1,m(0:)91,m + 92,m(0;)g2.m- Then standard properties of inner

products entail that S; 5z, can be rewritten as

n M,
1 n
D D) M AICHNLICH)

1,J=1m=1

2
1 || 1)

= ot @] (11)
=1 L2

where the mapping tg\zln) : [0,27] — L2(SY, u) is defined as tgv)[n)(ﬂ) = Zn]\fll %)(9).
Therefore the geometric interpretation provided here finds its roots in the fact that the
space L2(S', 1) admits a Hilbert sum decomposition L2(S', u) = @°°

m—o Em into pairwise

orthogonal subspaces &,, that contain orthonormal functions.

Following Jupp (2008), Sobolev test statistics on SP~! with p > 2 (or more generally
on Riemanian manifolds) can be obtained similarly by constructing an orthonormal basis
of L2(SP~1, i), where u now denotes here the uniform probability measure on SP~!. Such
orthonormal bases can be obtained via the eigenfunctions associated with the non-zero
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eigenvalues of the Laplace operator A acting on SP~!. For more details on the Laplace
operator on closed smooth Riemanian manifolds, see for instance Giné (1975) and the
references therein. Mimicking the construction above on S', denote by &,, the space of
eigenfunctions SP~! — R corresponding to the m-th non-zero eigenvalue of the Laplacian
A, with dimension dp ,, := dim&,,. There ex1sts a well-defined mapping t(p :Sp=l
&n that can be written as t\2~ 1)( ) = Z 7 gim(1)g; m, where {gl’m}ii{” form an
m=1

from SP~! to the Hilbert space L?(SP~!, ). Based on n observations Uy, ..., U, on SP~1,
a Sobolev test rejects Hy for large values of the test statistic

Zt?ﬂf) )
L2
Z Z £~ (Uy), 627D (U;)), (12)

i,j=1m=1

orthonormal basis of &,,. The function u t(Ml) (u) := S M» %71)(u) is a mapping

1 < 1) 1
Sp—l,Mn E Z t?]jw ) 7tE§J\J ))(U )>

3|

S\H

where (f,g) denotes the inner product on L?(SP~!, ). Note that the second equality
n (12) follows from (f,g) = 0 for any f € &, g € &, k # [, due to the definition of
the &;’s. Clearly from the discussion above we have that the circular test statistic S s,
corresponds to Sp—1 p,, With p = 2.

In the spherical case (on S?) an explicit expression for Sz ps, can be obtained using
the fact that for u,v € S?,

(62 (w), 65 (v)) = (2m + 1) P (u'v),

where P,, denotes the Legendre polynomial of order m. For p > 4, similar expressions
can be obtained and involve Gegenbauer polynomials. The following result is the analog
of Proposition 4.1 in the spherical case.

Proposition 7.1. Let M, be a sequence of integers such that M, — oo with M, =
o(n?/3) as n — co. Then, under the null hypothesis of uniformity on S2,

Sstand S2,Mn — MH(MTL + 2)
' 2M,, (M, + 2)

converges weakly to a standard normal random variable as n — co.

Proposition 7.1 provides a natural extension of the test (bMRV to S2. Note that the
assumption M,, = o(n?), n — oo, in Proposition 4.1 that allows us to obtain the asymp-
totic normality of the standardized test statistic on St is less restrictive than the standing
assumption M, = o(nz/ 3), which guarantees the asymptotic normality of its S? counter-
part. A generalization of Proposition 7.1 to tests on SP~! with p > 4 remains unclear.
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However most practical applications on this topic lie on S' and S? which are covered by
Propositions 4.1 and 7.1. Finally note that a practical test similar to the one provided
in Section 6 can readily be obtained by combining the test that rejects at the (asymp-
totic) level a when SS??V?S > z1_q with the test based on the data—driven selection of M
provided in Jupp (2008).

8. Real data illustration

As mentioned in the Introduction, circular data are common in biological studies. In
the present section, we illustrate the proposed methods on a real data set obtained in
Giunchi and Baldaccini (2004) who studied migratory orientation of hirundines. More
precisely, the latter paper reports on a study of the orientation of the barn swallow
(Hirundo rustica), a typical diurnal trans-Saharan migrant. The major aim of their study
is to examine the role of visual and magnetic cues in juvenile swallows during their first
migratory journey. In this illustration we consider the orientations of a control group
of swallows under overcast conditions. The data plotted in Figure 6 consists of n = 66

orientations.

Figure 6. Orientations of a control group of n = 66 swallows.

Although inspection of Figure 6 shows a very weak tendency for hirundines to choose
the north direction, non-uniformity seems however difficult to detect. We performed the
following analysis on the dataset: we considered the n samples of 65 orientations obtained
by omitting each time one observation from the sample. On each of these n samples we

performed various tests of uniformity: the Rayleigh test, the test (bg;)g of Bogdan et al.
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(2002) taking My, = 30 in the selection of M algorithm described in Section 6, the test

&ll)w with M,, = 30 and the test ¢(™) with Vi, = 5 (see Section 6 for details). In Figure
7, we provide boxplots of the asymptotic p-values of the four tests. Inspection of Figure
7 clearly reveals that the p-values of the Rayleigh test, ¢§3’j}g and q;(") are the same. This

comes from the fact that for all samples the selection of M algorithm provides M=1

so that qbglo)g is equivalent to the Rayleigh test. For all samples we also obtain that qz(”)

(n)

Bog- The three tests do not reject the null hypothesis of uniformity. In

is equivalent to ¢
contrast, the test ¢>§Z%W strongly rejects the null hypothesis of uniformity. As a conclusion
when using a model to describe the orientations of this group of hirundines, one should
definitely select a multimodal model.

1.0

0.6

0.4

0.0

Figure 7. Boxplots of the 66 p-values of the Rayleigh test, ‘b]g:))g’ ¢1(\74Ll)iv and QB(”)‘

Supplementary Material

Supplement to “On Sobolev tests of uniformity on the unit circle with an
extension to the unit sphere”

(doi: completed by the typesetter; .pdf). In the supplementary material, we provide some
further simulations related to the proposed test on S? and the proofs of Propositions 3.1,
3.2 and 4.2.
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Appendix A: Proofs of Propositions 4.1 and 7.1

The appendix collects the proofs of Propositions 4.1 and 7.1. As mentioned above, the
proofs of Propositions 3.1, 3.2 and 4.2 are provided in the supplementary material. As
explained in Section 7, the Sobolev statistics we investigate in the paper may be rewritten

as
Siar, = fz (tr(©0) Ly 1(6))
,j=1
2 (@4 1 <=, (1)
= DR R ORI C R Rl S CORT B
1<i<j<n i=1
2
= = (Eixn) ()t (©5)) + 2. (13)
1<i<j<n
and
1 n
Soar, = = Y (1, (U, 13, (U))
i,j=1
2 Ne) () 1 ¢ ,@) @)
= > <(M)(U)t(Mn)(Uj»+EZ@(M,L)(Ui)vt(Mn)(Ui»a
1<i<j<n i=1
2
= = > (1) (U0 1, (U)) + Ma(M, +2), (14)
1<i<j<n

where we used the fact that

(tar ) (00t (00)) = [ty ()3
M,
= Y ().t (©)
m=1
My,
= 2 Z cos?(m®;) + sin?(m®;) = 2M,, (15)

m=1
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and that

(5 (Ut (U)) It (U3

M7L
= D (U, 12 (U)
m=1
M M'n
= sz+1 = > (2m+1)Py(1) = My (M, +2)
m=1 m=1

stand
Sl M

" 1<i<j<n

M,
= > Y cos(m®;) cos(m®;) + sin(m®;) sin(m®;)  (17)
ny My m=11<i<j<n

and that
SQ,Mn - Mn(Mn + 2)
2M,, (M, + 2)

NG
n\/m1<§<n ) (Ua)s tar,y (U))

L L D Y
= (2m + 1) P, (ULU;). (18)
n M M +2 1<1,<]<nm 1

We start now with the proof of Proposition 4.1.

stand _
Soir, =

Proof of Proposition 4.1. Our objective is to show that Sitj‘{?nd is asymptotically
standard normal as n — oo (and M,, — oo) under the null hypothesis of uniformity.
First note that letting Z; ,,, := (cos(m®;), sin(m®;))’, we have that Sftj}}d in (17) can be
written as

M,
Sstand 2 §" § 7. 7. E E Pi
1,M, - i,mHjm = /7 17,m-
n\/m m=11<i<j<n m=11<i<j<n

Note that if ©; is uniform on (0, 27], clearly, Z; ,, is uniform on S! and the appendix of
Paindaveine and Verdebout (2016) summarizes a lot of properties of the p;;.,’s in the
uniform case.
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We will now construct a martingale difference process. Define F,, as the o-algebra
generated by Oq,...,0,, and, writing E,, for the conditional expectation with respect
to Fne, we let

Su = En [Siti‘?f] —Ene—l[Si’fi?ﬂ
- m 14i=1

(1) (1)
t ,t Oy)).
/DL, § 1: (1,) (©i)star,)(©0))

We obviously have that Sit;{/‘[‘j = 2221 S1¢. By construction, the process Siy is a mar-
tingale difference process so that in order to apply the Central limit Theorem 35.12 in
Billingsley (1995) we need to show that

Lemma A.1. Letting 07216 =E /1 [(Slz) ] Z?Zl wa converges to one in probability
as n — 00.

together with the Lindeberg condition

Lemma A.2. Foranye >0, Y,  E[(S10)?1[|S1e| > €]] = 0 as n — oc.

Proof of Lemma A.1l. First note that

o2y = En1[(S10)?]

M,

-1
= 2M ng 1 Z Z ,Oié,spjé,t]

s,t=114,j=1

= o 2 {tn) (01, (8)))
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Since E[p;j 5] = 0 for ¢ # j and any s, it directly follows from (15) that

so that

23

Therefore, it remains to show that Var[}_,_, 02,] converges to zero as n — co. Again

from (15) we have that

Var}o%] = Var[ Z ST (0.t 1 (0,))]
(=1

=1 1<i<j<(¢—1)

= Val" Z Z (n — j)pijs)

s=11<i<j<(n—1)

= 7’L4M2 Z Z (n _.j)p’ij,s)Z}

s=11<i<j<(n—1)

(19)

Since for ¢ < j and k < ¢, E[p;j spre,e] = 0 unless (¢,j) = (k,£) and s = t. In the latter

case we have E[p?; ] = 3. It therefore follows from (19) that

n M.
4 A .
Var[g O'ié] = 7n4M2§ E (n*J)QE[P?j,s]
=1

" s=11<i<j<(n—1)

IN

2
M,
which is o(1) as n — co.

For the proof of Lemma A.2, we need the following preliminary result.

Lemma A.3. Let © be a random angle uniformly distributed on (0,27). Define

I1(a,b,c,d) = E[cos(a®) cos(bO) cos(cO®) cos(dO)],

Ir(a,b, c,d) := E[cos(aO) cos(bO) cos(cO) sin(dO)],
I5(a,b,c¢,d) = E[cos(a©) cos(bO) sin(cO) sin(dO)],
I4(a,b,c,d) = E[cos(aB) sin(bO) sin(cO) sin(dO)]

and
Is(a, b, c,d) := E[sin(a©) sin(bO) sin(cO) sin(dO)].
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Then we have that (a) I;(a,b,c,d) =0, j = 2,4, for all integers {a,b,c,d}. (b) I;(a,b,c,d) =
0, j = 1,5, unless any of the integers {a,b,c,d} is equal to the sum of the other three
(e.g, a =b+c+d), orif any two pairs of {a,b,c,d} have equal sum (e.g, a+b=c+d).
(c) Is(a,b,c,d) = 0, unless unless any of the integers {a,b,c,d} is equal to the sum of
the other three, or if any two pairs of {a,b,c,d} have equal sum, except for the cases
{a=d,b=c} and {a = ¢,b=d} for which Is(a,b,c,d) = 0.

Proof of Lemma A.3. We show it for I1(a, b, ¢,d); the other cases are treated similarly.
By simple trigonometric identities we have that

sin2r(a—b—c—d)] sin2r(a+b—c—d)]

2m
/0 cos(a) cos(b¥) cos(cd) cos(d?)dd o7la—b—c—d) + om(a+b—c—d)

sin[2n(a—b+c—d)] sin2r(a+b+c—d)] sin[2r(a—b—c+d)]

2r(a —b+c—d) 2n(a+b+c—d) 2r(a —b—c+d)
sin2r(a+b—c+d)] sin[2n(a—b+c+d)] sin[2x(a+ b+ c+d)]
2n(a+b—c+d) 2m(a — b+ c+d) 2n(a+b+c+d)
and the result follows immediately. O

Proof of Lemma A.2 Applying first the Cauchy-Schwarz inequality, then the Cheby-
shev inequality (note that S%, has zero mean), yields

ZE (S0 Tsul > )] = /Bl VPTGl > 2
(=1
< 23 VRIS VYT
(=1

From the proof of Lemma B1, we readily obtain that Var[Si,] = 2(¢ — 1)/n?, which

provides
ZE [(S12)? 1[|S1e| > €]] <7Z,/e—1 [(S1e)* (20)

Now since

2 Z Pit,;m = <t8\2[ )(@ ) t(l) (@£)>
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we have using the properties of the p;¢ s’s that

M, £-1
16

E [(51[)4] = TL4M2 Z Z E Pil,sPil,tPil,uPil, v]

n stu,v=1i=1

1 1 1 1
n4M2 Z E[ tEJ\} ) 7t§]\2[ )(Gf)>2<t51\}n)(@ )7tE]\2[ )(9£)>2]

1,j=1
M 0—1
16 X A(0—1)?
= W Z ZE[Piz,spie,tpie,uPie,v] +(n74)' (21)

" s tau,n=11i=1

In the sequel denote by Mg") the set of integers (a,b,c,d) € (1,..., M,)* such that any
of the integers {a, b, c,d} is equal to the sum of the other three and by M;n) the set of
integers (a,b,c,d) € (1,..., M,)?* such there exists two pairs in {a, b, ¢, d} that have equal
sum. Since from Section 3 in Knessl and Keller (1990), it follows that #(Mé”)AMgn)) =
O(M32) (A denotes the difference of two sets) as M,, — oo, the boundedness of the p; s’s
and Lemma A.3 entail that from (21) we have that

M, £—1
64 - AL —1)?2
E[(S1)'] = 5 Elpiepivspivapive] + =1
n4M72L s,t%;:l; e, s il uPil,v o
-1
01 400 —1)?
= n4M2 Z ZE pzé,spiﬂ,tpi&upif,v] + %

(s,tu,v)eME AME =1
(C=1)C, | 4—1)?
ntM?2 trea

IN

where C,, = O(M?). Therefore, we obtain that for some constant C that

iE[(Su)z H“Sld > 6]] < \g i \/ E — 1 Slg) ]
{=1
< ‘nfz\/ E_l F4( -1y
z 1/2
< DOSETE ey o0,

which is o(1) provided that M,, = o(n?).
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We now move to the proof of Proposition 7.1.

Proof of Proposition 7.1. In this proof, we use the same techniques as in the proof of
Proposition 4.1. We have that 5579 in (18) may be rewritten as

\/i LA 2 2
Sstand - Y= t( ) U, ,t( ) U
2,M, /M, (M, £ 2) ;Z; (Mn)( ) (Mm( o))

=: Z Soe, (22)
=1

where So¢ is a martingale difference process. To obtain the asymptotic normality result
we therefore need to obtain the following lemma.

Lemma A.4. Letting 02, = By, y—1[(520)%], Yy, 02, converges to one in probability
as n — oo.

together with the Lindeberg condition

Lemma A.5. For anye >0, Y, E[(S20)?[|S2¢| > €]] = 0 as n — oo.

The proof of Lemma A .4 follows along the same lines as the proof of Lemma A.1 using
the fact that

oy = En,ﬁ—l[(S%)Q]
-1
= 2 (2) 2) ) @)
- WER’H[i§1<t(M'”)(Ui)’t(M">(U‘)><t(1wn>(Ui)’t<M,L)(Ue)>]
-1
2 (2) (2)
Wy 73) 2, 0 (U9 8 (02 (23)

has expectation 2(¢—1)/n? as in Lemma A.1. We directly turn to the proof of Lemma A.5.

Proof of Lemma A.5. Following the same lines as in the proof of Lemma A.2, we need

to show that
Z A / E[(ng)‘l] \/ Var[Sgg]
=1

is o(1) as n — oco. First note that from (23), we easily obtain that

200 — 1)

3 .

Var(Sa] = E[S3) = Elo,] = =—
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Now letting p;; = <t8\21n) (Uy), tg\zf ) (U; )) and using the properties of the inner products

UQUJ- summarized in Lemma A1l of Paindaveine and Verdebout (2016) we have that

-1
4
E[(S2)'] = WAM2(M, 1 2)° Z Elpiepjeprepme]
nATEn i,4,k,m=1
4 -1 -1
= m(z E[P?e] + Z E[P?N’?e])
i=1 Q=1
‘-
1)2
= TL4M2 M +2 Z pzé . (24)
=1
Now we have that
Elpl) = El(t(,) (Ut (U))
Mn
= Y (2s+ 1(2t+1)(2u+1)(2v + DE[P(UjU,) P,(U;U,) P, (UU,) P, (U U, )]
s, t,u,v=1

(25)

It follows from Lemma Al in Paindaveine and Verdebout (2016) that on S?, UiU; is
uniformly distributed on [—1,1]. Using Theorem 2 in Lohdfer (1991), we have for s > 1
that |Ps(z)] < % for x € (—1,1). We therefore have from (25) that for some

constant C
My,

Elpf] < CO (25 +1)s7 /4 = Cy,

s=1

where C,, = O(M]). Tt follows from (24) that

4C, (L —1) 4(0—1)2
n*M2(M, + 2)? n4

E[(S20)!] <

and therefore that for some constant C

Zn: \/E SQ@ Var[Sgg]

(=1

IN

C & Cp(l—1)2 .
w 2\ wz0r, v H Y
< zn: Cu (- Gt + (0 —=1)3?)y = Oo(M3?n7Y)
= nd = My (M, +2) " ’

which is o(1) as n — oo provided that M, = o(n?/3) O
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